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(3) Jacobi $\{\{f, g\}, h\}+\{\{g, h\}, f\}+\{\{h, f\}, g\}=0$
(4) $\{f, gh\}=\{f,g\}h+g\{f, h\}$ (or $\{fg,$ $h\}=f\{g,$ $h\}+\{f,$ $h\}g$).
Poisson bracket Poisson manifold .
2.2 Poisson tensor Schouten
2.2 (Poisson tensor) Poisson bracket $M$ bi-vector field $\pi$
$<\pi,$ $df\wedge dg>:=\{f, g\}$ . $\pi$ Poisson bracket $\{\cdot, \cdot\}$ Poisson tensor
.
2.1 $M$ bi-vector field $\pi$ 2 $\{f,g\}$ $\{f,g\}$ $:=<\pi,$ $df\wedge dg>$
. , $\{\cdot, \cdot\}$ Jacobi Schouten bracket
$[\pi, \pi]_{Schouten}=0$ .
2.3 Schouten bracket $\wedge^{*}(TM)$ degree $-1$ homo-
geneous bi-derivation .
$[, ]_{S\ outen}$ $:\wedge^{s}(TM)\cross\wedge^{t}(TM)arrow\wedge^{s+t-1}(TM)$
1. $[f,g]_{Schouten}=0$ $\forall f,g\in\wedge^{0}(TM)=C^{\infty}(M)$
2. $[X, g]_{SAouten}=<X,dg>=Xg$ $\forall X\in\wedge^{1}(TM),g\in\wedge^{0}(TM)$
3. $[X, Y]_{Schouten}=[X, Y]_{Liebracket}$ $\forall X,$ $Y\in\wedge^{1}(TM)$
4. $[S, T\wedge U]=[S, T]\wedge U+(-1)^{(s-1)t}T\wedge[S, U]$
5. $[S, T]=(-1)^{(s-1)(t-1)+1}[T, S]$
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6. $(-1)^{(s-1)(u-1)}[[S,T],$ $U$] $+(-1)^{(t-1)\langle s-1)}[[T, U],$ $S$] $+(-1)^{(u-1)(t-1)}[[U, S],$ $T$] $=0$
, $s$ $S$ ( ) degree . i.e., $S\in\wedge^{s}(TM)$ .
2.1 $(M_{1}, \pi_{1})$ $(M_{2}, \pi_{2})$ Poisson manifolds , $(M_{1}xM_{2}, \lambda_{1}\pi_{1}\oplus\lambda_{2}\pi_{2})$
Poisson manifold ( $\lambda_{1},$ $\lambda_{2}$ ). , $M$ $N$ Poisson
structure $M$ Poisson structure .
2.3 Symplectic
Poisson structure $\pi$ bundle map $\pi\#$ : $T^{*}Marrow TM$ . rank $(\pi)=$
$\dim M$ ( ) , $\pi^{\#}$ , 2-form $\omega$ 1. $\omega^{b}=-(\pi\#)^{-1}$ ,
$\omega^{b}:TM\ni\xi\mapsto\omega(\xi, \cdot)\in TM^{*}$ . $d\omega=0$ i.e., $\omega$ closed Schouten bracket
$[\pi, \pi]=0$ .
2.4 Poisson
2.4 (Drinfel’d [2]) Lie group $G$ Poisson structure/bracket/tensor .
$(G\cross G, \pi\oplus\pi)\ni(a, b)$ }$arrow ab\in(G.’\pi)$ Poisson map , ,
$\pi(ab)=TP_{a}\pi(b)+Tr_{b}\pi(a)$ $(a, b\in G)$ , , Poisson structure/bracket/tensor $\pi$
(multiplicative) . Poisson structure/bracket/tensor Lie
group Poisson Lie group .
Lie group $G$ parallelizable , $TG$ $G\cross g,$ $\wedge^{2}TG$ $G\cross\wedge^{2}g$ , .. . right
translation . , Poisson tensor $\pi$ : $Garrow\wedge^{2}TG$ ,
$\pi_{r}$ : $Garrow\wedge^{2}g$ . $\pi_{r}(e)=0$ , $e$
essential derivative, $d_{e}\pi_{r}$ : $garrow\wedge^{2}g$ .
Schouten bracket (right-identified-space) $G\cross\wedge^{*}g$ .
.
1. 23 ,
2. $[x, y]_{r}=-[x, y]$ $(\forall x, y\in g)$
3. $[x, f]_{r}(a)= \frac{d}{dt}f(\exp tx\cdot a)_{|t=0}$ ($\forall x\in g$ and $\forall f\in C^{\infty}(G)$ )
1Poisson bracket $\{f, h\}=\omega(X_{J}, X_{h})$ , $\omega(X_{j}’, \cdot)=df$ .
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, Schouten bracket (left-identified-space) $G\cross\wedge^{*}g$
.
2.2 (Weinstein [6]) $\pi$ $\pi(e)=0$ Lie group $G$ bi-vector field
. .
(1) $\pi:Garrow\wedge^{2}TG$
(2) $\pi_{r}:Garrow\wedge^{2}g$ Adjoint representation2 l-cocyle
(3) $d_{e}\pi_{r}$ : $garrow\wedge^{2}g$ es adjoint $representation^{3}$ l-cocycle
2.3 (Drinfel’d [2]) $\pi$ Lie group $G$ $\pi(e)=0$ bi-vector field
. , .
(1) $\pi:Garrow\wedge^{2}TG$ Poisson tensor , , Schouten bracket $[\pi, \pi]=0$
(2) $d_{e}\pi_{r}:garrow\wedge^{2}g$ (dual) $(d_{e}\pi_{r})^{*}:g^{*}arrow\wedge^{2}g^{*}$ 9* Lie algebra structure
.
22 (1) (2) .
(3) $\pi_{r}:Garrow\wedge^{2}g$ Schouten bracket $[\pi_{r}, \pi_{r}]_{r}=0$ .
2.4 (Lu and Weinstein [4]) $G$ . $\pi(e)=0$
bi-vector field . $\pi_{r}(a)=Ad_{a}t-t$ $(\exists t\in\wedge^{2}g)$ , i.e.,
$\pi(a)=Tl_{a}t-Tr_{a}t$ ( $=at-ta$ ).
Poisson condition as, $[t, t]B^{\grave{\grave{a}}}$ Adjoint invariant, i.e., Schouten bracket $[x, [t, t]]\emptyset\grave{\grave{a}}\forall x\in g$
$0$ . , $t$ $[t, t]=0$ , $t$ Poisson structure
. $[t, t]=0$ classical Yang-Baxter equation , $[t, t]=0$
$t$ (classical) r-matrix .
2.1 (cf. Dazord and Sondaz [1]) $G$ 3 . $t\in\wedge^{2}g$
$[g, [t, t]]=0$ . $G=SU(2)$ or $SO(3)$ classical r-matrix $0$ .
$G=SL(2, R)$ , classical r-matrix $r_{1^{2}}-4r_{2}r_{3}=0$
$t=r_{1}e_{2}\wedge e_{3}+r_{2}e_{3}\wedge e_{1}+r_{3}e_{1}\wedge e_{2}$
, bracket relation .
$[e_{1}, e_{2}]=2e_{2}$ , $[e_{1}, e_{3}]=-2e_{3}$ , $[e_{2}, e_{3}]=e_{1}$ .
$\overline{22}$ . $(x\wedge y)=Ad_{a}x\wedge Ad_{a}y$ .
$3\gamma:9arrow\wedge^{2}9,$ $\gamma([u, v])=ad_{u}\cdot\gamma(v)-ad_{v}\cdot\gamma(u),$ $ad_{u}\cdot(x\wedge y)=(ad_{u}x)\wedge y+x\wedge(ad_{u}y)$.
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$G$ $g$ Lie algebra Lie group .
3.1 (Loop group/algebra, cf. [5]) $LG:=$ { $\gamma:S^{1}arrow G|$ smooth } Lie
group , $G$ loop group .
$(\gamma_{1}\cdot\gamma_{2})(\theta)$ $:=\gamma_{1}(\theta)\gamma_{2}(\theta)$
, $\theta$ $S^{1}$ $z=e^{i\theta}$ .
$LG$ Lie algebra $Lg:=$ { $\xi:S^{1}arrow g|$ smooth} . Lie algebra
, i.e., $[\xi_{1}, \xi_{2}](\theta)$ $:=[\xi_{1}(\theta), \xi_{2}(\theta)]$ .
3.2 (Based loop group/algebra, cf. [5])
$\Omega G:=\{\gamma\in LG|\gamma(\theta=0)=\gamma(z=1)=e\in G\}$
$LG$ , $G$ based loop group .
$\Omega G$ Lie algebra $\Omega g$ $:=\{\xi\in Lg|\xi(0)=0\}$ .
3.1 (cf. [5]) $LG$ $\Omega G$ constant loops $G$ semidirect product .
$\gammarightarrow(\gamma\gamma(0)^{-1},\gamma(0))$ .
$Lg$ $\Omega g$ $g$ semidirect product . $\xirightarrow(\xi-\xi(0), \xi(0))$ .
3.2 Loop presymplectic
, $G$ Killing-Cartan form . $<\cdot,$ $\cdot>$ Killing-
Cartan form scalar (Adjoint-)invariant $g$ inner product .




$\omega(\xi, \eta)=\frac{1}{2\pi}\int_{0}^{2\pi}<\xi(\theta),\dot{\eta}(\theta)>d\theta$ $(\xi, \eta\in Lg)$
$LG$ left-invariant closed 2-form .
3.3 Based loop group symplectic
Theorem 3.2 $\omega$ annihilator $\{\xi\in Lg|\dot{\xi}=0\}$ , .
3.3 (cf. [5]) $\Omega G$ 2-form $\omega$ , i.e., $\omega$ based loop
group $\Omega G$ symplectic manifold .
4
4.1 Loop algebra
$\Omega G$ homogeneous space $LG/G$ (almost) complex structure
(cf.[5]). , $\Omega G$ $LG$ , Fourier
, Lie algebra $L.g$ $\Omega g$ .
$Lg$ , $\xirightarrow(\xi-\xi(0), \xi(0))$ $\Omega g$ $g$ . , vector space
$Lg$ $\xirightarrow(\xi-\oint\xi, \oint\xi)$ . , $\oint\xi=\frac{1}{2\pi}\int_{0}^{2\pi}\xi(\theta)d\theta$ (cf. Freed
[3]).
$\psi(\xi)$ $:= \xi-\xi(0)+\oint\xi$ $\psi:Lgarrow Lg$ . $\psi$ $Lg$ vector
space isomorphism .
$\Omega_{new}g$ $:= \psi^{-1}(\Omega g)=\{\xi\in Lg|\oint\xi=0\}$ . $\psi$ $Lg$ Lie bracket
$[\cdot, ]_{new}$ .
4.1 $L_{new}g:=$ ( $Lg$ with $[\cdot,$ $\cdot]_{new}$ ) $\Omega_{new}g$ $g$ Lie algebra semidirect
product . bracket operation bracket operation
.
$[\xi, \eta]_{new}$ $=$ $[ \xi, \eta]-\oint[\xi,\eta]-[\xi, \eta(0)]-[\xi(0), \eta]$ $(\forall\xi, \eta\in\Omega_{new}g)$
$[\xi, const]_{new}$ $=$ [ $\xi$ , const]. $(\forall\xi\in Lg)$
4.2 (cf. [5]) $\Omega_{new}g$ complex structure $J$
$J( \xi)(\theta):=\sum_{n\neq 0}sign(n)i\xi_{n}e^{in\theta}$
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. , $\xi\in\Omega_{new}g$ , , $\xi_{n}$ $g_{C}$
$\xi(\theta)=\sum_{n\neq 0}\xi_{n}e^{in\theta}$
.
$\{e_{\alpha}\}$ $g$ basis . , $\{e_{\alpha}\cos m\theta, e_{\beta}\sin n\theta\}$ $m,$ $n>0$ $\Omega_{new}g$
basis, $m\geq 0$ $n>0$ $Lg$ basis . complex structure $J$
$J(e_{\alpha}\cos m\theta)=-e_{\alpha}\sin m\theta$ , $J(e_{\alpha}\sin\uparrow?x\theta)=e_{\alpha}\cos m\theta$ .
4.2 Poisson tensors
map $\psi$ $Lg$ $L_{new}g$ , Lie bracket operation .
presymplectic structure $\omega$ $\psi$ .
4.1 $\omega_{new}$ $\psi$ $\omega$ , i.e., $\omega_{new}(\xi, \eta)$ $:=\omega(\psi(\xi), \psi(\eta))$ . ,
$L_{new}g=Lg$ $\omega_{new}=\omega$ .
Proof:
$\omega_{new}(\xi, \eta)$ $=$ $\omega(\xi-\xi(0)+\oint\xi, \eta-\eta(0)+\oint\eta)$






$\ll\Omega g,g\gg\neq 0$ $\ll[\xi, \eta],$ $\zeta\gg=\ll\xi,$ $[\eta, \zeta]\gg$
$\ll\Omega_{new}g,g\gg=0$ $\ll[\xi, \eta]_{new},$ $\zeta\gg\neq\ll\xi,$ $[\eta, \zeta]_{new}\gg$ .
$<e_{\alpha},$ $e_{\beta}>=2\delta_{\alpha\beta}$ $g$ basis . , $g$ structure constants
$C_{\beta\gamma}^{\alpha}=C_{\alpha\beta}^{\gamma}=C_{\gamma\alpha}^{\beta}$ .
$\{e_{\alpha}\cos m\theta, e_{\beta}\sin n\theta\}$ $\Omega_{new}g$ , i.e.,
$\ll e_{\alpha}\cos m\theta,$ $e_{\beta}\cos n\theta\gg=\delta_{\alpha\beta}\delta_{mn}$
$\ll e_{\alpha}\sin m\theta,$ $e_{\beta}\sin n\theta\gg=\delta_{\alpha\beta}\delta_{mn}$
$\ll e_{\alpha}\cos m\theta,$ $e_{\beta}\sin n\theta\gg=0$
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$e_{\alpha}\cos m\theta$ $Je_{\alpha}\cos m\theta=-e_{\alpha}\sin m\theta$ $e_{\alpha m}$ $\overline{e}_{\alpha m}$ .
metric relations
$\ll e_{\alpha m},$ $e_{\beta n}\gg=\ll\overline{e}_{\alpha m},\overline{e}_{\beta n}\gg=\delta_{\alpha\beta}\delta_{mn}$, $\ll e_{\alpha m},\overline{e}_{\beta n}\gg=0$ .
.
4.2 $\Omega G$ symplectic structure $\omega$ Poisson tensor
$\pi_{\ell}(\gamma)=\sum_{n>0,\alpha}\frac{1}{n}J(e_{\alpha}\cos n\theta)\wedge e_{\alpha}\cos n\theta\in\Omega_{new}g$
.
Proof: $\omega^{b}:\Omega_{new}g\ni\xi\mapsto\omega(\xi, \cdot)\in(\Omega_{new}g)^{*}$ Poisson tensor .
$\Omega_{new}g$ $Lg$ , $(\Omega_{new}g)^{*}$ $(Lg)^{*}$ metric $\ll\cdot,$ $\cdot\gg$ dense subspace
(smooth’ part , cf. [5]). metric
. , $\omega^{b}(\xi)=-\dot{\xi}.$ ( $the$ differentiation) . $\omega$ Poisson tensor
$\pi$ $\pi\#=-(\omega^{b})^{-1}$ , $\pi\#$ integration , i.e.,
$\pi^{\#}(\xi)=\int_{0}^{\theta}\xi(s)ds-\oint\int_{0}^{\theta}\xi(s)ds$ $(\forall\xi\in\Omega_{new}g)$ .
$\Omega_{new}g$ , $\oint\xi=0$ .
Poisson tensor $t_{b}$ ,
$\sum$ ( $\frac{1}{2}P_{\alpha m,\beta n}e_{\alpha m}\wedge e_{\beta n}+Q_{\alpha m,\beta n}e_{\alpha m}$ A $\overline{e}_{\beta n}+\frac{1}{2}R_{\alpha m,\beta n}\overline{e}_{\alpha m}\wedge\overline{e}_{\beta n}$ )
, $P_{\alpha m,\beta n}=-P_{\beta n,\alpha m}$ $R_{\alpha m,\beta n}=-R_{\beta n,\alpha m}$ . vector paring
, .
$\delta_{\alpha\beta}\delta_{mn}=-mQ_{\beta n,\alpha m}$ , $0=-\prime nP_{\alpha m_{I}\beta n}$ ,
$0=mR_{\alpha m,\beta n}$ , $\delta_{\alpha\beta}\delta_{mn}=-mQ_{\alpha m,\beta n}$ .
,
$t_{b}= \sum_{m,\alpha}\frac{1}{m}\overline{e}_{\alpha m}\wedge e_{\alpha m}$ .
1
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4.2 42 $t_{b}$ , $r\vee matr’ix$ , i.e., $[t_{b}, t_{b}]=0$
. , Schouten bracket $[t_{b}, t_{b}]=0$ new bracket relations
.
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$[e_{\alpha m}, e_{\beta n}]_{new}$ $=$ $\frac{1}{2}C_{\alpha\beta}^{\epsilon}(e_{\epsilon,m+n}-2e_{\epsilon m}-2e_{\epsilon n}+(1-\delta_{mn})e_{\epsilon,m-n})$
$[e_{\alpha m},\overline{e}_{\beta n}]_{new}$ $=$ $\frac{1}{2}C_{\alpha\beta}^{\epsilon}(\overline{e}_{\epsilon,m+n}-2\overline{e}_{\epsilon n}-2\overline{e}_{\epsilon,m-n})$
$[\overline{e}_{\alpha m},\overline{e}_{\beta n}]_{new}$ $=$ $\frac{1}{2}C_{\alpha\beta}^{\epsilon}(e_{\epsilon,m+n}-(1-\delta_{mn})e_{\epsilon,m-n})$
, $e_{\alpha,-m}=e_{\alpha m}\langle\underline{B}$ $\overline{e}_{\alpha,-m}=-\overline{e}_{\alpha m}$ .
4.3 42 bi-vector $t_{b}$ $\pi(\gamma):=\gamma t_{b}-t_{b}\gamma$ bi-vector field $\pi$
$LG$ Poisson structure .
4.3 o$\sum_{<n<N,\alpha}\frac{1}{n}J(e_{\alpha}\cos n\theta)\wedge e_{\alpha}\cos n\theta$
{ $\sum_{n>N\alpha},\frac{1}{n}J(e_{\alpha}\cos n\theta)\wedge e_{\alpha}\cos n\theta$ r-matrix .
4.3 Loop group (7) dual Lie algebra
$LG$ Poisson structure $(Lg)^{*}$ dual Lie algebra structure
. , $(Lg)^{*}$ “smooth” part $(Lg)$ .
$[\cdot, \cdot]_{new}$ , , tag new $[\cdot, \cdot]$ .
Dual Lie algebra structure $[$ \mbox{\boldmath $\sigma$}\mbox{\boldmath $\sigma$}, $\tau]_{\pi},$ $\xi>:=<\sigma\wedge\tau,$ $d_{e}\pi_{r}(\xi)>$ . ,
$\pi_{r}(\gamma)=Ad_{\gamma}t-t$ , $<[\sigma, \tau]_{\pi},\xi>=<\sigma\wedge\tau,$ $ad_{\xi}t>$ .
4.3 Poisson structure $\pi_{b}$ .
$\ll[\sigma, \tau]_{\pi},\xi\gg$
$= \sum_{n>0\epsilon},\frac{1}{n}\{|\begin{array}{lll}<<\sigma,[\xi,\overline{e}_{\epsilon n}]>> <<\sigma,e n>><<\tau,[\xi,\overline{e}_{\epsilon n}]>> <<\tau,e_{\text{ }n}>> \end{array}|+ |\begin{array}{ll}<<\sigma,\overline{e}_{\epsilon n}>> <<\sigma,[\xi,e_{\epsilon n}]>><<\tau,\overline{e}_{\epsilon n}>> <<\tau,[\xi,e_{\epsilon n}]>>\end{array}|\}$
.
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$[e_{\alpha m}, e_{\beta n}]_{\pi}= \frac{1}{2mn}C_{\alpha\beta}^{\epsilon}((m-n)\overline{e}_{\epsilon,m-n}-(m+n)\overline{e}_{\epsilon,m+n})$
$[e_{\alpha m}, \overline{e}_{\beta n}]_{\pi}=\frac{1}{2mn}C_{\alpha\beta}^{\epsilon}((m-n)e_{\text{ },m-n}+(m+n)e_{\epsilon,m+n}-2ne_{\epsilon,n})$
$[ \overline{e}_{\alpha m},\overline{e}_{\beta n}]_{\pi}=\frac{1}{2mn}C_{\alpha\beta}^{\epsilon}((m-n)\overline{e}_{\text{ },m-n}+(m+n)\overline{e}_{\epsilon,m+n}-2m\overline{e}_{\epsilon,m}-2n\overline{e}_{\epsilon,n})$
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4.4 Dual Lie algebra $(\Omega_{new}g, [\cdot, \cdot]_{\pi})$ Lie algebra $(\Omega_{new}g, [\cdot, \cdot]_{new})$
.
Proof: $e_{\alpha m}\mapsto m\overline{e}_{\alpha m}$ $\overline{e}_{\beta n}rightarrow ne_{\beta n}$ $(\Omega_{new}g, [\cdot, \cdot]_{new})$ dual Lie algebra
$(\Omega_{new}g, [\cdot, \cdot]_{\pi})\wedge$ Lie algebra isomorphism .
$[\mathfrak{g}, Lg]_{\pi}=0$ , .
4.1 Poisson loop group $LG$ dual Lie algebra $(Lg)^{*}$ Lie algebra $(\Omega_{new}g, [\cdot, \cdot]_{\pi})$
$g$ abelian subalgebra Lie algebra direct product .
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